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ON THE ATTACHED PRIME IDEALS OF LOCAL COHOMOLOGY 
MODULES DEFINED BY A PAIR OF IDEALS 

ZOHREH HABIBI, MARYAM JAHANGIRI, AND KHADIJEH AHMADI AMOLI 


Abstract. Let I and J be two ideals of a commutative Noetherian ring R and M be an 
i?-module of dimension d. If i? is a complete local ring and M is finite, then attached 
prime ideals of are computed by means of the concept of co-localization. Also, 

we illustrate the attached prime ideals of H\ j{M) on a non-local ring R, for t = dimM 
and t = cd (/, J, M). 


1. Introduction 


Throughout this paper, R denotes a commutative Noetherian ring, M an i?-module and 
I and J stand for two ideals of R. For all t G Nq the t-th local cohomology functor with 
respect to (J, J), denoted by H} j{—), defined by Takahashi et. all in [10] as the Tth right 
derived functor of the (J, J)- torsion functor r/^j(—), where 

:= {x G M : Px C Jx for n S> 1}. 


This notion coincides with the ordinary local cohomology functor H}{—) when J 

[ 2 ]. 


0, see 


The main motivation for this generalization comes from the study of a dual of ordinary 
local cohomology modules H][M) ([9]). Basic facts and more information about local coho¬ 
mology defined by a pair of ideals can be obtained from [10], [3] and [4]. 

The second section of this paper is devoted to study the attached prime ideals of local 
cohomology modules with respect to a pair of ideals by means of co-localization. The concept 
of co-localization introduced by Richardson in [8]. 
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Let {R, m) be local and M be a finite i?-niodule of dimension d. If c is a non-negative 
integer snch that H] j{R) = 0 for alH > c and Hj j{R) is representable, then we illustrate 
the attached prime ideals oi j{M) (see Theorem 2.3). In addition if R is complete, then 
we have made use of Theorem 2.3 to prove that in a special case 

Att C T U Assh (M) and T C Att 

where 

T = {p G Supp (M) : dimM/pM = d — 1, J C p and \/1 + p = m}, 

(see Theorem 2.5). 

In [3, Theorem 2.1] the set of attached prime ideals of {M) was computed on a local 

ring. We generalize this theorem to the non-local case. Also, the authors in [5, 2.4] specified 
a subset of attached prime ideals of ordinary top local cohomology module We 

improve it for ^ necessarily local ring, where cd (/, J, M) = sup{i G 

No : H}^j{M) 7^ 0} with the convention that cd (/, M) = cd (/, 0, M). 

2. Attached prime ideals 

In this section we study the set of attached prime ideals of local cohomology modules with 
respect to a pair of ideals. 

Remark 2.1. Following [8], for a multiplicatively closed subset S of the local ring {R, m), the 
co-localization of M relative to S is defined to be the S'“^i?-module S'_i(M) := Dr{S~^D n^M)) , 
where Dr{—) is the Maths dual functor B.om r{—, ER^R/m)). If S' = i? \ p for some 
p G Spec (i?), we write for S'_i(M). 

Richardson in [8, 2.2] proved that if M is a representable R- module, then so is S-i{M) 
and Att (S'-iM) = {S'“^p : p G Att(M)}. Therefore, in order to get some results about 
attached prime ideals of a module, it is convenient to study the attached prime ideals of the 
CO-localization of it. 

Lemma 2.2. Let (R, m) be a local ring, a be an ideal of R and p G Spec{R) with a C p. 

Let R' = R/a and p' = p/o. Then for any R'-module X and R'^,-module Y, the following 
isomorphisms hold: 

(i) Dr(X) = Dr^(X) as R-modules. 

{ii) Dr{X)p = Dri{X)pi as Rp-modules. 

(Hi) Dr^{Y) = Dr/^{Y) as Rp-modules. 
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In [7, 2.1 and 2.2] the following theorems have been proved for the attached prime ideals 
of Hf{R) and where d = dimi?. Here, we generalize these theorems for the local 

cohomology modules of M with respect to a pair of ideals when M is a hnite i?-module with 
dim M = d. 

Theorem 2.3. Let {R,xn) be a local ring, M he a finite R-module, and p G Spec (72). 
Assume that c = cd{I, J, R) and Hjj{R) is representable. Then 

(1) AttH'f j{M)) C {qi2p : dimM/qM > c, q C p, and q G Spec{R)}. 

(2) If R is complete, then 

AttR^{^Hfj^{M)) = { qRp-.qe Supp{M), dimM/qM = dimM, J C q C p, 

and\/1 + q = m}. 

Proof. (1) Let qi?p G Att R^f’Hf j{M)). By [11, 3.1] and Remark 2.1, we have Hfj(M) is 
representable and Att R^lfHfj^M)) = {qRp : q G Att {Hjj{M)) and q C p}. Also, using [2, 
6 .1.8] and [1, 2.11] 


Att {Hlj{M/qM)) = Att {Hfj^M)) n Supp (R/q). 

This implies that Hjj{M/qM) ^ 0 and consequently dimM/qM > c. 

(2) Let p G Supp (M). Put d := diniM, R = R/Ann rM, and 

T ;= {qi?p : q G Supp (M), dim M/qM = d, J C q C p and I + q = m}. 

Since dim^^M = dim rM, [10, 2.7] and Lemma 2.2 imply that j{M), 

as i?p-modules. Therefore, by [2, 8.2.5], q G if and only if 

q n Rp G Att R^i^Hf^ j^iM)) = Att 

Now, without loss of generality, we may assume that M is faithful and dim 7? = d. If 
Hf j{M) = 0, then Att ('^77/j(M)) = 0. Assume that T 7 ^ 0 and q72p G T. Since 
dimM/qM = dim72, we have dim72/q = d. On the other hand, q G Supp(M/JM). Thus, 
by [3, Theorem 2.4], dim 72/(7 + q) > 0 which contradicts \/7 + q = m. So T = 0. 

Now, we assume that Hf j{M) ^ 0. 

Let q72p G T. Since Hf j{M) is an Artinian 72-module (cf. [4, 2.1]) so, by Remark 2.1, 
it is enough to show that q G Att {Hf j{M)). As M/qM is J-torsion with dimension d and 
y'l + q = m , so by [2, 4.2.1 and 6.1.4], 

77/,^(M/qM) = 77/(M/qM) = 77,%/^)(M/qM) = 77^/^(M/qM) ^ 0. 
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Hence [2, 6.1.8] and [1, 2.11] imply that 0 ^ Att {Hf j{M/qM)) = Att (iJf j(M))nSupp (R/q). 
Let qo G Att {Hf j{M)) be such that q C qo. So that dimM/qoM < d. On the other hand, 
by Remark 2.1, qoRqo G Att and this implies that dimM/qoM > d which is 

a contradiction. So q = qo. 

C: Let qi?p G Att As we have seen in the proof of part (1), diniM/qM = d 

and q C p. So by [10, 2.7], 


HU,,jR/,{M/qM) = Hlj{M/qM) ^ 0 . 

Now, by [3, Theorem 2.4], there exists x/q G Supp(i?/q ®r/^ 
dim ^ = d and dim = 0. Since qi?p G Att R^{'^Hf j{M)), we have q G Att {Hf^j{M)) 

and so q G Supp (M) nR(J). Hence q/q G Suppi^/q(M/qM) and then 


dimR/q = dimM/qM 


d = dim 


x/q 


dimi?/q. 


Therefore, dimi?/q = dimi?/r which shows that q = r. Thus + q = m. □ 


Remark 2.4. The inclusion in Theorem 2.3(1) is not an equality in general. Let the assump¬ 
tion be as in Theorem 2.3. Assume that Hf j{M) = 0, p G Min (M) and dimM/pM = d. 
Then Att R^{mf j{M)) = 0. But 

{qi?p : dimM/qM = d, q C p and q G Supp (M)} = {pRp}. 


Theorem 2.5. Let (R, m) be a complete local ring and M he a finite R-module with dimen¬ 
sion d. Assume that H\ j{R) = 0 for all i > d — 1 and Hf/j^{R) is representable. Then 

( 1 ) 

AttR^H/f/{M)) C { p G Supp{M) : dimM/pM = d — 1, J C p and \/1 + p = m} 

UAssh (M). 


( 2 ) 

{p G Supp{M) : dimM/pM = d — 1, J C p and v^T+^ = m} C Att{Hff/{M)). 

Proof. (1) First we note that, by [10, 4.8] and [11, 3.1], is representable and 

Att C Supp(M). Now, let p G Att (M/-^(M)). Since pRp G Att Rfimff/{M)), 

by Theorem 2.3 (1), dimM/pM > d — 1. 

If dimM/pM = d, then dimi?/p = d and so p G Assh (M). 








On the set of Attached prime... 


5 


Now, assume that dimM/pM = d — 1. Since p G Att = 

Hf^^{M/pM) 7 ^ 0. Thus, by [3, Theorem 2.4], there exists r/p G Supp ( 
that dim ^ = d and dim = 0. Hence r = p, J C p, and y/I + p = m. 

(2) Let p G Supp(M), J C p, dimM/pM = d — 1, and y/I + p = m. Then, by [11, 
3.1] and Theorem 2.3 (2), is representable, pi?p G Att R^{'‘’Hf^^{M/pM)), and so 

p G Att (idj j^(M/pM)). Now, the proof is complete by considering the epimorphism 
^ Hf;/{M/pM). 

□ 

In the rest of the paper, following [10], we use the notations 

W{I, J) := {p G Spec{R) : C p + J for an integer n > 1} 

and 

W{I, J) ;= {a : 0 is an ideal o/ i?; /"■ C a + J for an integer n > 1}. 

The following lemma can be proved using [10, 3.2]. 


Lemma 2.6. For any non-negative integer i and R-module M, 
(i) Supp(Tr| j(M)) C U Supp(Tr*(M)). 


aeW{I,J) 

(ii) Supp {H} j{M)) C Supp (M) n W{I, J). 


Corollary 2.7. Let M he an R-module and c = cd{I, J, R). Assume that M is representable 
or Hf j{R) is finite. Then 


Att C Att (M) n W{I, J). 

Proof. By [10, 4.8], [1, 2.11], [11, 3.1] and Lemma 2.6 {ii), we have 

Att {HIj{M)) = Att {M ®HIj{R)) C Att (M)n Supp 

C Att (M)nlT(J, J). 


□ 


Applying the set of attached prime ideals of top local cohomology module in [3, Theorem 
2.2], we obtain another presentation for it. 

Proposition 2.8. Let (i?, m) he a local ring and R denotes the ra—adic completion of R. 
Suppose that M is a finite R-module of dimension d. Then 

Attji{Hfj{M)) = { qf] R-. q ^ Supp p{R M/JM), dim{R/q) = d, 

and dimR/{IR+ q) = 0}. 
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Proof. Denote the set of right hand side of the assertion by T. It is clear that by [3, Theorem 
2.4], Hf j{M) = 0 if and only if T = 0. Assume that Hf j{M) ^ 0 and p G Supp {M/JM) 
with the property that cd (J, R/p) = d. Let q G Ass{M/ JM) be such that q C p. Then 

d = cd (J, R/p) < cd (J, R/q) < dimi?/q < dim M/JM < dim M = d 

implies that p = q G Ass{M / J M) and dim M/JM = d. Now the claim follows from [11, 
3.10] and [3, Theorem 2.1]. 

□ 

The following lemma, which can be proved by using the similar argument of [10, 4.3], will 
be applied in the rest of the paper. 

Lemma 2.9. Let M be a finite R-module. Suppose that J C J{R), where J{R) denotes the 
Jacobson radical of R, and dimM/JM = d be an integer. Then H} j{M) = 0 for all i > d. 

Using Lemma 2.9, we can compute Att (M)) in non-local case as a generalization 

of [6, 2.5]. 

Proposition 2.10. Let M be a finite R-module of dimension d and J C J[R). Then 

Att {HIj{M)) = Att {Hf{M/JM)) 

= {p G Ass(M) n V{J) : cd (J, R/p) = d}. 

Proof. The assertion holds by applying Lemma 2.9 and using the same method of the proof 
of [3, Theorem 2.1 and Proposition 2.1]. □ 

Corollary 2.11. Suppose that J C J{R) and M is a finite R-module such that dimM = d. 
Then 

Hf AM) 

Att = {p e Supp (M) n U( J) : cd (J, R/p) = d}. 

Proof. Let R = R/AmiRM. Using [10, 2.7], Hf j{M) = HR^jR^M) and also for a prime 
p G Supp (M) n V(J), cd (IR, R/p) = cd (J, R/p). Thus we may assume that M is faithful 
and so dimi? = d. In virtue of [2, 6.1.8], Hf{M/JM) = HffiM/JM) = Now, the 

assertion follows by Proposition 2.10. □ 

The hnal result of this section is a generalization of [5, 2.4] in non-local case for local 
cohomology modules with respect to a pair of ideals. 
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Proposition 2.12. Let J C J{R) and M he a finite R-module. Then 


{p e Ass{M)nV{J) : cd{fiR/p) = dimR/p = cd{fiJ,M)} C Att{Hf^/’-^’^\M)). 


Equality holds if cd{I, J, M) = dimM. 


Proof. The same proof of [5, 2.4] remains valid by using Proposition 2.10. □ 
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